Abstract. Let f : X → Z be a separable fibration of relative dimension 1 between smooth projective varieties over an algebraically closed field k of positive characteristic. We prove the subadditivity of Kodaira dimension κ(X) ≥ κ(Z) + κ(F ), where F is the generic geometric fiber of f , and κ(F ) is the Kodaira dimension of the normalization of F . Moreover, if dim X = 2 and dim Z = 1, we have a stronger inequality κ(X) ≥ κ(Z) + κ 1 (F ) where
Introduction
The following conjecture due to Iitaka is a central problem of the classification theory of algebraic varieties over C, the field of complex numbers: Conjecture 1.1 (C n,m ). Let f : X → Z be a surjective morphism of proper, smooth varieties over C, where n = dim X and m = dim Z. Assuming the generic geometric fibre F of f is connected, we have the following inequality for the Kodaira dimension:
κ(X) ≥ κ(F ) + κ(Z).
This conjecture is proved in the following cases:
(1) dim F = 1, 2 by Viehweg ([Vie1] , [Vie3] ); (2) Z is of general type by Kawamata ([Ka1] ); (3) dim Z = 1 by Kawamata ([Ka2] ); (4) F has a good minimal model by Kawamata ([Ka3] ); (5) F is of general type by Kollár ([Ko] ); (6) Z is of maximal Albanese dimension by J. A. Chen and Hacon ([CH] ); (7) F is of maximal Albanese dimension by Fujino ([Fu] ); (8) n ≤ 6 by Birkar ([Bi] ).
Since the existence of good minimal models of F is proved for certain cases (see [BCHM] , [Lai] ), (1, 5, 7) are special cases of (4).
In this paper, we consider subadditivity of Kodaira dimension of a fibration of relatively dimension 1 over an algebraically closed field k of positive characteristic. We call a projective surjective morphism f : X → Z between two varieties a fibration, if f * O X = O Z . We say a fibration f : X → Z is separable if the field extension f * : k(Z) → k(X) between the rational function fields is separable and k(Z) is algebraically closed in k(X). Then general fiber of a separable fibration is geometrically integral ( [Ba] Theorem 7.1).
Over a field of positive characteristic, the generic geometric fiber of f is possibly not smooth. So a proper definition of Kodaira dimension for singular varieties is needed. We have two attempts (Definition 2.5 and 2.7).
The main results of the paper are:
Theorem 1.2. Let f : X → Z be a separable fibration of relative dimension 1 between smooth projective varieties over an algebraically closed field k of positive characteristic. Then
where κ(F ) = κ(F , ωF ) (see Definition 2.5), F the generic geometric fiber of f ,F the normalization of F , and ωF the canonical line bundle ofF .
Theorem 1.3. Let f : S → C be a fibration between a smooth projective surface S and a smooth projective curve C over an algebraically closed field k of positive characteristic. Then
where F is the generic geometric fiber of f , κ 1 (F ) := κ(F, ω o F ) and ω o F is the dualizing sheaf of F (see Definition 2.7). Theorem 1.3 is essentially known to experts, as Prof. F. Catanese pointed out. For reader's convenience, we shall give a proof in Section 4. We mainly apply Bombieri-Mumford's classification of surfaces in positive characteristics. We have a feeling that the inequality (1.2) reflects the geometry better than inequlity (1.1) (see Remark 4.8). One difficulty to generalize the inequality (1.2) to higher dimensional cases is the weak positivity of f * ω l X/Z for l ≫ 0, which plays an important role in the proof of the known cases of Conjecture C n,m over C, but the positivity fails in positive characteristics (see Remark 4.6). The semi-positivity of f * ω l X/Z for l ≫ 0 holds for certain fibrations due to Patakfalvi ([Pa] ).
Let's explain briefly the idea of proof of Theorem 1.2. We mainly follow Viehweg's approach ( [Vie1] ) and study the behavior of the relative canonical sheaves under base changes or alterations. Starting from the fibration f : X → Z, after a base change π : Z ′ → Z, where π is an alteration and possibly contain a purely inseparable extension, we obtain an alteration X ′ → X such that, X ′ and Z ′ are smooth and the natural fibration f ′ : X ′ → Z ′ factors through a stable (or 1-pointed stable if g = 1) fibration f ′′ : X ′′ → Z ′ with X ′′ having mild singularities (see the commutative diagram (3.1) in Section 3.1). The stableness of the fibration implies that κ(X ′′ , ω X ′′ /Z ′ ) ≥ κ(F ) (Theorem 2.12, 2.14). We can attain the goal by showing
The first inequality is by Proposition 2.2 since X ′′ has mild singularities. The second one is from carefully comparing ω X ′ /Z ′ and the pull-back of ω X/Z ( see Theorem 2.4).
One difficulty to carry Viehweg's proof of C n,n−1 into positive characteristics is the lack of resolution of singularities in positive characteristics. Without resolution, there is no stable reduction by a flat base change as in [Vie1] Theorem 5.1: where Viehweg shows that 1) there is a flat base change Z ′ → Z such that X × Z Z ′ has mild singularities after replacing f : X → Z by a birational smooth model 2) the fibration
The advantage of flat base change is that the relative canonical sheaves (or relative dualizing sheaves) are compatible with flat base changes. In our proof, we construct a similar commutative diagram (Diagram (3.1) in Section 3.1) by using de Jong's alteration, while the base change Z ′ → Z is not flat.
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Prepliminaries and Notations

Notations and assumptions:
•
: the derived (low bounded, up bounded, bounded) category of quasi-coherent sheaves on a variety X; • ≃: quasi-isomorphism between two objects in the derived category;
• Lf * , Rf * : the derived functors of f * , f * respectively for a morphism f :
, p a (C): the geometric genus and the arithmetic genus of the curve C.
For basic knowledge of derived categories, we refer to [Hu] . All varieties are over an algebraically closed field k of positive characteristic. On a variety X, we always identify a sheaf F with an object in
2 has non-zero global sections.
2.1. Duality theory. We list some results on Grothendieck duality theory, part of which appeared in [Vie1] §6. For details we refer to [Ha] Chap. III Sec. 8, 10, Chap. V Sec. 9 and Chap. VII Sec. 4.
Let f : X → Y be a projective morphism between two projective varieties of relative dimension r = dim X −dim Y . There exists a functor
where v and g are the two projections of 
Proposition 2.2 ([Vie1] Corollary 6.5). Let X/S and Y /S be two projective varieties over S of the same relative dimension r, and f : 
Proof. The duality isomorphism gives Ext
By the assumption and Proposition 2.1, we have f
Proposition 2.3. Let f : X → S and u : S ′ → S be two projective morphisms between projective Gorenstein varieties. Considering the base change
If u is flat, then the assertion follows from (b). If f is flat, since both X and S are Gorenstein, all the fibers of f are Gorenstein ( [Ha] Prop. 9.6). The assertion follows from (e).
We study the behavior of the relative dualizing sheaf under a non-flat base change.
Theorem 2.4. Let f : X → Z be a fibration of relative dimension r and π : Z ′ → Z a generically finite surjective morphism, where X, Z, Z ′ are projective varieties over k. Let σ : X ′ →X ′ := X × Z Z ′ be a morphism mapping X ′ birationally onto the component ofX ′ dominating over X (namely, the strict transform, see Definition 5.2). Fix these morphisms into the following commutative diagram
The projective morphism f : X → Z can be factored through a closed imbedding i : X → P and a smooth morphism p : P → Z, such that f = pi. Let P ′ = P × Z Z ′ be the base change. Consider the following commutative diagram
We obtain the morphisms
where α is induced by trace map and β is an isomorphism on a nonempty open subset of the strict transform of X inX
The morphism β is a base change map, obtained by applying j −1 to the morphism
where d = dim P/Z, γ and δ are both given by the base change map Lπ * 2 i * → j * Lπ * 1 . If V is an open subvariety of P ′ on which π 2 is flat, then β| j −1 (V ) is an isomorphism. By taking 0 th cohomology of ♠, we get a homomorphism of sheaves
and its pull-back homomorphism
is surjective outside the σ-exceptional locus, and since ω o X ′ /Z ′ is a line bundle, we can write the image of λ as I ⊗ ω o X ′ /Z ′ where I ⊂ O X ′ is an ideal. The subvariety defined by I is contained in the exceptional locus of σ. Observing that ker λ is torsion and thus
It is known that the canonical sheaf ω X coincides with the dualizing sheaf for a smooth projective variety X. For a normal quasi-projective variety X, we define the canonical sheaf ω X := i * ω X sm where i : X sm ֒→ X is the inclusion of the smooth locus. If X is a normal projective Gorenstein variety, then ω X is an invertible sheaf coincides with the dualizing sheaf ω 2.3. Kodaira dimension. In [Iit] , Iitaka defines D-dimension κ(X, D) for a Cartier divisor D on a complete normal variety X. If X is a smooth projective variety over k, the Kodaira dimension κ(X) := κ(X, ω X ), where ω X is the canonical sheaf of X.
Definition 2.5 ( [Ue] Chap II, Definition 6.5, [Laz] Example 2.1.5). Let X be a singular projective variety over k. We say X ′ a smooth model of X, if X ′ is smooth projective over k and X ′ is birational to X. If X has a smooth model X ′ , then the Kodaira dimension κ(X) is defined by κ(X) := κ(X ′ ).
Remark 2.6. 1) Resolution of singularities in a positive characteristic field hasn't been settled yet, so the existence of a smooth model is not clear. However, if dim X = 1 or 2, smooth models of X always exist over k.
2) If smooth models of X exist, then the definition of Kodaira dimension is independent of choice of the smooth models.
The other way to define Kodaira dimension is to use dualizing sheaf ([Ha1] Chap III, Section 7).
Definition 2.7. Let X be a projective variety over k with the invertible dualizing sheaf ω o X . Then κ 1 (X) := κ(X, ω o X ). Remark 2.8. 1) For a fibration f : X → Z between smooth projective varieties over k, the dualizing sheaf of a general fiber and the generic fiber is a line bundle.
2) If X is smooth, then the dualizing sheaf coincides with the canonical sheaf, thus κ 1 (X) = κ(X). 
Stable fibrations.
Definition 2.11 (Delinge and Mumford). A flat family of nodal curves f : X → S together with sections s i : S → X, i = 1, . . . , n with image schemes S i = s i (S) is called a family of n-pointed stable curves (or an n-pointed stable fibration) over S of genus g if 1) S i are mutually disjoint, and S i disjoint from the non-smooth locus Sing(f ); 2) all the geometric fibers have arithmetic genus g; 3) the sheaf ω X/S ( i S i ) is f-ample. In case n = 0 we simply call these stable curves (rather than stable 0-pointed curves).
For an n-pointed stable fibration f : X → S and a base change S ′ → S, the map X × S S ′ → S ′ is again an n-pointed stable fibration. Since f is a Gorenstein morphism, we know that f ! O S [−1] ≃ ω X/S is an invertible sheaf, which is compatible with base change.
2.6. Relative canonical sheaf of stable fibrations. We recall the following result due to Keel for a fibration of stable curves.
Theorem 2.12 ([Ke] Thm. 0.4). Let S be a normal projective variety and f : X → S a stable fibration with fibers being curves of arithmetic genus g ≥ 2. Then (i) ω X/S is a semi-ample line bundle; (ii) if moreover the natural map S →M g is finite, then ω X/S is big.
Only (ii) is needed in the sequel. We sketch a proof of (ii) by the argument of [Ke] Proposition 4.8.
Proof of (ii).
By taking a local basis of f * ω X/S and a proper choice of g positive integers, one can define the relative wronskian section (see [LT] ), which is independent of the choice of the basis. Thus the wronskian section defines a non-zero global section of the sheaf ω N X/S ⊗ f * det(f * ω X/S ) −1 for some N > 0, because the nonsmooth locus of f is of codimension ≥ 2. Then we can write that
where H ≡ det(f * ω X/S ) is a big line bundle on S ([Co] 2.2) and Z is the effective divisor on X defined by the wronskian section. Therefore, ω X/S is big ( [CCP] Lemma 2.5).
Remark 2.13. One point of the proof above is the positivity of det(f * ω X/S ). The semi-positivity for fibrations with sharply F -pure fibers (stable curves are sharply F -pure) is proved by Patakfalvi ([Pa] Theorem 1.5, 1.6, Corollary 1.8), it is possible to prove analogous results to Theorem 2.12 for this type of fibrations.
For a semi-stable elliptic fibration, we have the following result. We give a proof for the readers' convenience. One can also refer to [Vie2] Section 9.3 for a proof.
Theorem 2.14. Let S be a smooth surface and f : S → C a semi-stable elliptic fibration over a smooth curve C. Then κ(S, ω S/C ) > 0 unless f is isogenous to a product.
Proof. First note that f is semi-stable fibration of elliptic curves, f * ω S/C is a line bundle such that ω S/C ≡ f * f * ω S/C . We have that ω S ≡ f * (f * ω S/C ⊗ ω C ), then it follows that c 1 (S) 2 = 0 and
where the second equality is from R-R formula and R 1 f * ω S/C = O C , and the third equality is due to deg(ω C ) = 2g(C) − 2 and χ(C,
Denote by t the number of the nodes of all the fibers, which equals to the number of the singular fibers. Then c 2 (S) = t since Euler number of smooth fibers is 0, and of singular fibers is 1. Applying Noether's formula 12χ(S,
Otherwise we have t = 0, which means all the fibers are smooth. We conclude that f : S → C is isogenous to a product by moduli theory of curves.
Proof of Theorem 1.2
Notations are as in Theorem 1.2. We can assume that the normalization of the geometric fiber of f has genus g ≥ 1.
3.1. Stable reduction. Applying de Jong's idea of alterations, we have the following commutative diagram (for a sketch of construction, see Appendix 5).
(3.1)
is an alteration (see Definition 5.1) with Z ′ smooth projective over k; 2) σ : X ′ →X ′ is a birational morphism onto the strict transformation of X under Z ′ → Z (see Definition 5.2), and X ′ is smooth projective over k;
is a family of stable curves with M normal varities, if the genus g = g(F ) ≥ 2; or a family of 1-point stable curves if g = 1. Moreover, the natural morphism M →M g is a finite morphism, if g ≥ 2; or M →M 1,1 is finite, if g = 1.
Claim 3.1.
Proof. If g = 1, then dim M = 0 or 1. We claim that κ(U, ω U/M ) = dim M . Indeed, it is trivial, if dim M = 0. If dim M = 1, then U is a surface with at worst rational double singularities. LetŨ → U be a minimal resolution. ThenŨ → M is a semi-stable elliptic fibration. We get κ(Ũ , ωŨ /M ) = 1, by Theorem 2.14. Thus κ(U, ω U/M ) = 1. If g > 1, then ω U/M is big by Theorem 2.12. Thus κ(U, ω U/M ) = dim U .
3.2. Proof of Theorem 1.2. We can assume that κ(Z) ≥ 0 and the genus g(F ) ≥ 1. Then κ(X, ω X/Z ) ≥ 0 by the above arguments. To prove the theorem, it suffices to prove κ(X) > κ(Z), if g(F ) ≥ 2. We prove by contradiction. Assume now, κ(F ) = 1, and
where p is the projection induced by l. The rational map p is generically finite and dominant, since κ(X) = κ(Z). Hence, a general fiber of f is contracted by Φ |ω m X | . On the other hand, by the diagram (3.1), we have ρ 1 and ρ ′ are dominant, ω X ′′ /Z ′ = ρ * 1 ω U/M , and an injection ρ ′ * ω X ′′ /Z ′ ֒→ ω X ′ /Z ′ by Proposition 2.1. So we have inclusions of linear systems 
, and it gives a commutative diagram Let S be a smooth surface and f : S → C be an elliptic fibration or a quasi-elliptic fibration. Since C is a smooth curve, we obtain a decomposition
where L is an invertible sheaf and T is a torsion sheaf on C.
Theorem 4.3 (Canonical bundle formula, [BM] Theorem 2). Let S → C be a relatively minimal elliptic fibration or a quasielliptic fibration from a smooth surface. Then
, where l(T ) is the length of T .
Note that the condition f * O S = O C implies that k(C) is algebraically closed in k(S). So if f : S → C is a fibration, then f is a separable fibration by Proposition 4.1.
We apply classification of surfaces by Bombieri and Mumford. 
then the image C of the Albanese map is a smooth curve. Moreover, there exists a rank two vector bundle E on C such that alb X : X → C is ismophic to P(E) → C.
Proof of Theorem 1.3. We can assume that the genus g(C) ≥ 1.
After running relative minimal model program, we can assume that f : S → C does not contain (−1)-curve on each fiber. If there is a horizontal (−1)-curve, then it will be mapped onto C which has genus g(C) ≥ 1. Contradiction! Therefore, we can assume that f : S → C with S minimal (i.e. there are no (−1)-curves on S) and g(C) ≥ 1.
There are four cases: κ(S) = −∞, 0, 1, 2. 1) κ(S) = 2. Since κ 1 (F ) and κ(C) are at most 1, theorem holds. 2) κ(S) = 1. Since S is minimal, ω S is semi-ample. Consider the Iitaka fibration on ω S , which is a morphism g : S → T with general fiber G. Then G is an elliptic curve or a singular curve with arithmetic genus 1, and the self intersection number G 2 = 0.
If G is mapped into a point of C. Notice that G 2 = 0, then G is a multiple of a fiber of f . Then general fiber of f is an elliptic curve, or a singular curve with arithmetic genus 1. Since f is a flat morphism, κ 1 (F ) = 0. So again we have κ(S) ≥ κ 1 (F ) + κ(C).
3) κ(S) = 0. Since S is minimal and κ(S) = 0, we have ω S ∼ Q 0. For a general fiber
Then f is either an elliptic fibration or a quasi-elliptic fibration. By Canonical bundle formula, Table above C Let H be a general fiber of h, then H is a smooth rational curve and the self intersection number H 2 = 0. If H is horizontal of f , then f (H) = C. Contradicting to the assumption g(C) ≥ 1. Therefore, general fiber of f is P 1 . So κ(S) ≥ κ 1 (F ) + κ(C).
Remark 4.6. We shall mention that, contrast to C, there exist examples f : S → C from a smooth projective surface S to a smooth projective curve C ( [Ra] , [Xie] Theorem 3.6) such that f * ω l S/C is not a nef vector bundle for any l > 0. By Theorem 1.3, we have Proposition 4.7. Let S be a smooth projective surface over k, admitting a fibration f : S → C satisfying: 1) C is a smooth projective curve with genus g(C) ≥ 2 and 2) the general fibers of f are of arithmetic genus ≥ 2. Then S is a surface of general type.
Remark 4.8. Theorem 1.2 does not imply that S is of general type.
Appendix: Alterations and stable reduction
In the section, we discuss the construction of the diagram (3.1) in Section 3.1. Let f : X → Z be a separable fibration between smooth projective varieties over k of relative dimension 1. We assume that the normalization of the generic geometric fiber of f has genus g ≥ 1. Then f can be altered into a stable fibration due to de Jong ( [deJ] ) . We sketch the construction by [AO] Section 3 and 4. First we introduce some definitions.
Definition 5.1 (de Jong). A morphism of varieties f : Y → X is called a modification if it is proper and birational. The morphism f is called an alternation if it is proper, surjective and generically finite.
Definition 5.2 ([AO] Definition 3.1). Let f : X → Z be a fibration between two varieties, Z ′ → Z a proper surjective morphism, where Z ′ is a variety. The fiber productX ′ := X × Z Z ′ has a unique irreducible component dominant over X, which is the Zariski closure X ′ := X × Z η ⊂ X × Z Z ′ of the generic fiber, where η is the generic point of Z ′ . We call X ′ the strict transform of X under the base change Z ′ → Z.
Step 1. Since f : X → Z is a separable fibration, by [deJ] Lemma 2.8, there is a finite purely inseparable extension Z 1 → Z, where Z 1 is a projective variety, such that the normalization X 1 of X × Z Z 1 is smooth over the generic point of Z 1 . Denote the fibration by f 1 : X 1 → Z 1 .
Step 2. There exists a modification Z 2 → Z 1 , such that the morphism f 2 : X 2 → Z 2 is flat by the Flattening Lemma ( [AO] Lemma 3.4), where X 2 is the strict transform of Z 2 under X 1 → Z 1 ([AO] Definition 3.1, Remark 3.2. Here need to rewrite! The definition of strict transform should be given.).
Step 3. There exists a separable finite morphism Z 3 → Z 2 such that the fibration f 3 : X 3 → Z 3 has l ≥ 3 distinct sections s i : Z 3 → X 3 , i = 1, 2, . . . , l and the sections s i intersect every irreducible component of the geometric fiber of f 3 more than 2 points ([AO] Lemma 4.6, 4.9), where X 3 is the strict transform of Z 3 under X 2 → Z 2 .
Step 4. There exists an alteration Z 4 → Z 3 such that there exists a family of l-pointed stable curves f 4 : X 4 → Z 4 ([AO] Section 4.6 -4.9). Here we need the assumption l ≥ 3, so that we can apply Three Point Lemma ([AO] Lemma 4.10).
Step 5. From f 4 : X 4 → Z 4 , we can obtain a family of stable curvesf 4 :X 4 → Z 4 if general fibers of are of genus g ≥ 2 (respectively, a family of 1-pointed stable curves if g = 1) by "contraction" ([AO] Section 3.7). Indeed, first deleting l sections if general fibers of f 4 have genus g ≥ 2 (respectively deleting l − 1 sections if g = 1), then there is a relative contraction map X 4 →X 4 over Z 4 by contracting all the "non-stable component" of fibers (regular rational curves containing not enough singularities and marked points).
By moduli theory of curves (cf. [AO] Section 13), the moduli of the stable curves of genus g if g > 1 (1-pointed stable curves if g = 1) with level-m structure is a fine moduli space for m ≥ 3. Thus, there is a universal family of stable curves U 
